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ON THE IWASAWA INVARIANTS FOR LINKS
AND KIDA’S FORMULA
JUN UEKI
Abstract. Analogues of Iwasawa invariants in the context of 3-dimensional
topology have been studied by M. Morishita and others. In this paper, follow-
ing the dictionary of arithmetic topology, we formulate an analogue of Kida’s
formula on λ-invariants in a p-extension of Zp-fields for 3-manifolds. The proof
is given in a parallel manner to Iwasawa’s second proof, with use of p-adic rep-
resentations of a finite group. In the course of our arguments, we introduce the
notion of a branched Zp-cover as an inverse system of cyclic branched p-covers
of 3-manifolds, generalize the Iwasawa type formula, and compute the Tate
cohomology of 2-cycles explicitly.
1. Introduction
The analogy between primes and knots is known ([Mor12]). Among other things,
there is close analogy between Iwasawa theory and Alexander–Fox theory, and
topological analogues of Iwasawa’s class number formula are studied ([HMM06],
[KM08]). Let p denote a fixed prime number, and let Zp denote the ring of p-adic
integers through out this paper. We call a field K simply a Zp-field if it can be ob-
tained as a Zp-extension of a finite number field k. If the Iwasawa µ-invariants van-
ish, extensions of Zp-fields resemble those of function fields, and satisfy Kida’s for-
mula ([Kid80]), which is an arithmetic analogue of the classical Riemann–Hurwitz
formula. In this paper, we formulate their topological analogue, in a very parallel
manner to Iwasawa’s second proof in [Iwa81], using p-adic representation theory
of finite groups and the Tate cohomologies.
Here are the contents of this paper. In Section 2, we review some basic analogies
in branched Galois theories for finite degrees. An analogy between unit groups and
2-cycle groups was pointed out in our previous paper ([Uek14]). We calculate the
Tate cohomology of 2-cycles explicitly. We also discuss analogue objects of S-ideal
groups and others. In Section 3, we review Iwasawa’s class number formula of
Zp-fields. In Section 4, as an analogue of Zp-extension, we introduce the notion
of a branched Zp-cover of rational homology 3-spheres (QHS
3), namely, an inverse
system of branched cyclic p-covers of QHS3’s, and generalize the Iwasawa type
formula:
Theorem 4.9. Let M˜ = {Mn}n be a branched Zp-cover consisting of QHS3’s.
Then there are some λ, µ, ν ∈ Z satisfying #H1(Mn,Zp) = pλn+µpn+ν for any
n≫ 0.
keywords: link, rational homology 3-sphere, branched cover, Galois theory, Iwasawa theory,
arithmetic topology.
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We also employ the structure theorem of Λ-modules, and prove a p-adic variant
of Sakuma exact sequence. Then we deduce an alternative proof for the Iwasawa
type formula, and also a proposition on the direct limit of homology groups. In
Section 5, we further introduce an analogous notion of a Galois extension of Zp-
fields, say an equivariant Galois morphism (or a branched Galois cover) of branched
Zp-covers. It is a compatible system of branched covers on each layer between two
branched Zp-covers. In addition, we define chains of branched Zp-covers by direct
limits with respect to the transfer maps, and compute the Tate cohomologies for
them. In Section 6, we review Kida’s formula for an extension of Zp-fields. In
Section 7, we establish an analogue of Kida’s formula for branched Zp-covers:
Theorem 7.1. Let f : N˜ → M˜ be an equivariant Galois morphism of degree p-
power of branched Zp-covers of QHS
3, let S be the branch link of f0 : N →M , and
let S denote the inverse limit of the preimages of S in N˜ . If S is infinitely inert in
M˜ and µ
M˜
= 0, then µ
N˜
= 0. If in addition any component of S is not inert in
f0, then the Iwasawa λ-invariants and the branch indices ew of components w of S
satisfy
λ
N˜
− 1 = deg(f)(λ
M˜
− 1) +
∑
w⊂S
(ew − 1).
2. Theories for finite degrees
To begin with, we briefly review some basic analogies between primes and knots.
In addition, for finite Galois extensions of number fields and finite branched Galois
covers of 3-manifolds, we study analogies between unit groups and 2-cycle groups,
S-ideals and “S-chains”, and compute their Tate cohomologies in an explicit way.
2.1. M2KR-dictionary. The analogy between 3-dimensional topology and num-
ber theory was first pointed out by B. Mazur in the mid 1960’s ([Maz64]), and
has been studied systematically by M. Kapranov ([Kap95]), A. Reznikov ([Rez97],
[Rez00]) and M. Morishita ([Mor10], [Mor12]). In their dictionary of analogies, for
example, knots and 3-manifolds correspond to primes and number rings respec-
tively. The study of these analogies is christened “arithmetic topology” now. Here
is a basic dictionary we shall use in this paper. For a number field k, Ok denotes
the ring of integers.
Number theory 3-dimensional topology
number ring SpecOk or (oriented, connected, closed)
SpecOk = SpecOk ∪ {infinite primes} 3-manifold M
prime ideal p : SpecFp →֒ SpecOk knot K : S1 →֒M
prime ideals S = {p1, ..., pr} link L = {K1, ...,Kr}
extension F/k branched cover f : N →M
e´tale fundamental group π1(SpecOk) fundamental group π1(M)
πe´t1 (SpecOk − S) link group π1(M − L)
geometric point SpecC →֒ SpecOk base point {pt} →֒M
ideal group I(k) 1-cycle group Z1(M)
k∗ → I(k); a 7→ (a) C2(M)→ Z1(M); c 7→ ∂c
principal ideal group P (k) 1-boundary group B1(M)
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ideal class group Cl(k) = I(k)/P (k) 1st-homology H1(M) = Z1(M)/B1(M)
Fact: #Cl(k) <∞ Condition: #H1(M) <∞ (i.e. M : QHS3),
or consider torsion subgroup H1(M)tor
Artin reciprocity Hurewicz isomorphism
πe´t1 (SpecOk)ab ∼= Gal(kurab/k) ∼= Cl(k) π1(M)ab ∼= Gal(Mab/M) ∼= H1(M)
kurab/k Hilbert class field Mab →M maximal abelian cover
unit group O∗k 2-cycle group Z2(M),
or 2nd-homology H2(M) (∼= H1(M)free)
We assume that number fields are finite over Q and are contained in C, 3-
manifolds are oriented, connected, and closed. A branched cover means an isomor-
phism class of branched covers with base points branched over links.
We have two attitudes about analogues of ideal class groups Cl(k) and unit
groups O∗k. In the conventional attitude, we do not assume M to be QHS3, and
we regard the torsion subgroups H1(M)tor as an analogue of Cl(k). Then a non
trivial term H2(M) ∼= H1(M)free plays an analogous role to O∗k ([Sik03], [Mor08]).
In another one, which we pointed out in [Uek14], we assume M to be a QHS3,
fix a CW-structure, and regard Z2(M) as an analogue of O∗k. Then, we have the
following parallel exact sequences:
1→ P (k)→ I(k)→ Cl(k)→ 1 0→ B1(M)→ C1(M)→ H1(M)→ 0
1→ O∗k → k∗ → P (k)→ 1 0→ Z2(M)→ C2(M)→ B1(M)→ 0
In addition, we have the following theorem.
Theorem 2.1 (Ueki [Uek14]). Let f : N → M be a branched Galois cover of 3-
manifolds. Let G = Gal(h), and fix CW-structures compatible with h. Then the
Tate cohomology of Ĥi(G,Z2(N)) is independent of the choice of CW -structures,
and is a topological invariant of branched covers.
We also remark that Ĥi(G,Z2(N)) has more information than Ĥ
i(G,H2(N)).
These above enable further translation. In our previous paper [Uek14], we gave an
analogue of Yokoi’s formulation of genus theory ([Yok67]).
The Tate cohomology of the unit group played an important role in Iwasawa’s
second proof of Kida’s formula. In this article, that of the 2-cycle group plays a
similar role in the proof of our main result.
2.2. Computations of Tate cohomologies. In this subsection, we present some
explicit computations of Tate cohomologies for number fields extensions and branched
covers of 3-manifolds. For a group G and a G-module A, Ĥi(G,A) denotes the Tate
cohomology for each i ∈ Z. We abbreviate Ĥi(G,A) = Ĥi(A) in the proofs if there
is no ambiguity of G.
The following facts in number theory are well-known.
Proposition 2.2. Let F/k be a Galois extension of number fields with G = Gal(F/k).
Then,
(1) [Hilbert’s Satz 90] The equality Ĥ1(G,F ∗) = 0 holds.
(2) (Iwasawa [Iwa56]) If F/k is unramified and Cl(F ) = 1, then Ĥi(G,O∗F )
∼=→
Ĥi−1(G,CF )
∼=→ Ĥi−3(G,Z) for each i ∈ Z, where CF denote the idele class group
of F . Some cases with restricted ramifications, such as cyclotomic extensions, are
also computable.
We have the following on the topology side.
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Proposition 2.3. Let f : N →M be a branched Galois cover of 3-manifolds, Put
G = Gal(f), and fix a CW-structures or PL-structures on M and N compatible
with f . Then for each i ∈ Z,
(1) The equality Ĥi(G,C2(N)) = 0 holds.
(2) There is a long exact sequence · · · → Ĥi+1(G,H3(N)) → Ĥi(G,Z2(N)) →
Ĥi(G,H2(N)) → Ĥi+2(G,H3(N)) → · · · . If in addition N is a QHS3, then
Ĥi(G,Z2(N)) ∼= Ĥi+1(G,H3(N)), where H3(N) = 〈[N ]〉 ∼= Z.
Proof. (1) Since the subset of G-fixed points is 1-dimensional, C2(N) is Z[G]-free.
(2) The exact sequence 0 → B2(N) → Z2(N) → H2(N) → 0 induces a long exact
sequence · · · → Ĥi(B2(N)) → Ĥi(Z2(N)) → Ĥi(H2(N)) → Ĥi+1(B2(N)) → · · · .
We prove Ĥi(B2(N)) ∼= Ĥi+1(H3(N)). By the same reason as (1), C3(N) is a
Z[G]-free module, and Ĥi(C3(N)) = 0. Hence the exact sequence 0 → Z3(N) →
C3(N) → B2(N) → 0 yields an isomorphism Ĥi(B2(N)) ∼= Ĥi+1(Z3(N)). In ad-
dition, since N is 3-dimensional, we have B3(N) = 0. Hence the exact sequence
0 → B3(N) → Z3(N) → H3(N) → 0 yields isomorphisms Z3(N) ∼= H3(N) =
〈[N ]〉 ∼= Z. Thereby, we obtain Ĥi(B2(N)) ∼= Ĥi+1(Z3(N)) ∼= Ĥi+1(H3(N)). Es-
pecially, if N is a QHS3, the Poincare` duality and the universal coefficient theorem
ensure H2(N) = 0, and hence Ĥ
i+1(H3(N))
∼=→ Ĥi(Z2(N)). 
2.3. S-ideals and S-chains. In this subsection, we recall some properties of S-
ideals and others of number fields and Zp-fields. Then we introduce their analogues
for 3-manifolds, and obtain further results of Tate cohomologies.
Let F/k be a finite Galois extension of number fields or Zp-fields. Let S be a
finite set of primes in k, and let S also denote the set of primes above S in F . Then
the S-ideal group IF,S , the principal S-ideal group PF,S , the S-ideal class group
ClF,S, and the S-unit group O∗F,S are defined, and there are exact sequences of
G = Gal(F/k)-modules ([Bru66], [Iwa81], [NSW08]).
0→ PF,S → IF,S → ClF,S → 0
0→ O∗F,S → F ∗ → PF,S → 0
For a prime p in k, let IF,p denote the group of ideals of F over p, and let Zp
denote the decomposition group of p. Then we have isomorphisms Ĥi(G, Ip) ∼=
Ĥi(G,Z[G/Zp]) ∼= Ĥi(Zp,Z). The direct sum decomposition IF = ⊕pIF,p yields
Ĥi(G, IF ) = ⊕pĤi(G, IF,p) ∼= ⊕pĤi(Zp,Z).
Proposition 2.4 (Iwasawa [Iwa81]). Let F/k be an extension of degree p unramified
at infinite primes, put G = Gal(F/k), and let S denote the set of ramified non-p
primes. Then, S is a finite set.
(1) The Tate cohomology Ĥi(G, IF,S) = ⊕p6∈SĤi(G, Ip) of S-ideals (i ∈ Z) vanishes
if and only if no ideals outside S inert. (If k is a number field, then it does not
vanish.)
(2) Let IS denote the subgroup of I(F ) generated by elements of S. Then the S-unit
group satisfies O∗F,S/O∗F ∼= P (F ) ∩ IS for a subgroup P (F ) ∩ IS < IS ∼= Z#S of
finite index, and Ĥ1(G,O∗F,S/O∗F ) = 0, Ĥ2(G,O∗F,S/O∗F ) ∼= (Z/pZ)#S.
We consider analogues of these above. Let f : N → M be a finite Galois
branched cover of 3-manifolds, put G = Gal(f) and fix CW-structures or PL-
structures compatible with f . Let S ⊂ M be a link and suppose that its each
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component is in or outside the branch link of f . Note that analogues of S-ideals
are not the ones obtained from C∗(N,S) := Coker(C∗(S) →֒ C∗(N)). Instead, we
consider the following commutative diagram, whose rows are exact.
0 // B1(S) = 0 //

Z1(S)
∼= //
ι∗

H1(S) //
ι∗

0
0 // B1(N) // Z1(N) // H1(N) // 0
We identify Z1(S) and ι∗(Z1(S)). We put Z1(N)S := Z1(N)/Z1(S), H1(N)S :=
H1(N)/ι∗(H1(S)), and B1(N)S := B1(N)/(B1(N) ∩ Z1(S)). In addition, for the
boundary map ∂ : C2(N)→ C1(N), we put Z2(N)S := ∂−1(Z1(S)). Then we have
Z2(N)S ∼= Z2(N,S). Thus we obtain exact sequences of G-modules parallel to the
case of number theory.
0→ B1(N)S → Z1(N)S → H1(N)S → 0
0→ Z2(N)S → C2(N)→ B1(N)S → 0
The analogue of the S-ideal group satisfies the following proposition.
Proposition 2.5. Let f : N → M be a finite Galois branched cover with G =
Gal(f), let S ⊂M be a link, and put S = f−1(S).
(i) If S is not empty, then there is an isomorphism Ĥi(G,Z1(N)S) ∼= Ĥi−1(G,Ker(ι∗ :
H0(S) → H0(N))) for each i ∈ Z. If in addition f is of degree p and S is the
branch link with s components, then Ĥ0(G,Z1(N)S) = 0 and Ĥ
1(G,Z1(N)S) ∼=
(Z/pZ)s−1.
(ii) If S is empty so that f is unbranched, then Ĥi(G,Z1(N)) ∼= Ĥi(G,H0(N))) ∼=
Ĥi(G,Z) for each i ∈ Z. If in addition deg(f) = p, then Ĥ0(G,Z1(N)) ∼= Z/pZ,
Ĥ1(G,Z1(N)) = 0.
Proof. If S is not empty, then the exact sequences 0→ Z1(S)→ C1(S)→ B0(S)→
0, 0 → Z1(N) → C1(N) → B0(N) → 0 and the snake lemma yield an exact se-
quence 0 → Z1(N)S → C1(N)/C1(S) → B0(N)/B0(S) → 0. Here, C1(N)/C1(S)
is a Z[G]-free module. In addition, the exact sequences 0 → B0(S) → Z0(S) →
H0(S)→ 0, 0→ B0(N)→ Z0(N)→ H0(N)→ 0 and the snake lemma yield an ex-
act sequence 0 → Ker(ι∗ : H0(S) → H0(N)) → B0(N)/B0(S) → Z0(N)/Z0(S) →
0. Here, Z0(N)/Z0(S) is a Z[G]-free module. As a consequence, isomorphisms
Ĥi(Z1(N)S) ∼= Ĥi−1(B0(N)/B0(S)) ∼= Ĥi−1(Ker(ι∗ : H0(S) → H0(N)) are ob-
tained. Especially, if deg(f) = p and S is properly branched, then Ker(ι∗ : H0(S)→
H0(N)) ∼= Zs−1.
If S is empty, we consider the exact sequences 0→ Z1(N)→ C1(N)→ B0(N)→
0 and 0 → B0(N) → Z0(N) → H0(N)→ 0, in which C1(N) and Z0(N) are Z[G]-
free modules, and H0(N) ∼= Z. Then, isomorphisms Ĥi(Z1(N)S) = Ĥi(Z1(N)) ∼=
Ĥi−1(B0(N)) ∼= Ĥi−2(H0(N)) ∼= Ĥi(Z) are obtained. 
If we fix a Z-basis of Z1(M) and regard it as an analogue of the set of primes in
the base field, then we obtain a direct sum decomposition of Z1(N) as G-modules.
The analogue of the S-unit group satisfies the following.
Proposition 2.6. Let f : N →M be a Galois branched cover of degree p with G =
Gal(f), let S be the branch link with s-components, and put S = f−1(S). Suppose
that S consists of Q-null-homologous components. (This assumption holds if N is
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a QHS3.) Then S-2-cycles satisfy Z2(N)S/Z2(N) ∼= B1(N)∩Z1(S) for a subgroup
B1(N) ∩ Z1(S) < Z1(S) ∼= Zs of finite index, and Ĥ1(G,Z2(N)S/Z2(N)) = 0,
Ĥ2(G,Z2(N)S/Z2(N)) ∼= (Z/pZ)s.
Proof. Note that Z2(N)S ∼= Z2(N,S). There is a natural exact sequence 0 →
Z2(N) → Z2(N,S) ∂→ Z1(S). Since every component of S is Q-null-homologous,
∂Z2(N,S) = B1(N) ∩ Z1(S) < Z1(S) is a subgroup of finite index. Since S is the
preimage of the branch link, G acts on B1(S) trivially. 
These computations above will be extended for Zp-covers in Subsection 5.4.
3. Iwasawa’s class number formula of Zp-extensions and Λ-modules
It has been known that there is close analogy between Iwasawa theory and
Alexander–Fox theory ([Maz64], [Mor12]). For an inverse system of branched cyclic
p-covers of QHS3 obtained from a Z-cover, an analogue of Iwasawa’s class number
formula is formulated ([HMM06], [KM08], [KM13]). In this paper, we generalize
this formula for an inverse system which is not necessarily obtained from a Z-cover.
Iwasawa theory Alexander–Fox theory
Zp-extension of k Z-cover over M − L, or
branched Zp-cover over (M,L)
Iwasawa module link module
Iwasawa polynomial Alexander polynomial
In this section, we recall algebraic lemmas on Λ-modules, a proof of Iwasawa’s class
number formula, and an assertion on some direct limit module. Their analogues
will be discussed in the next section.
Let Λ = Zp[[T ]] denote the ring of formal power series. For Λ-modules M and
M ′, a pseudo isomorphism M ∼ M ′ is a homomorphism with finite kernel and
cokernel. For finitely generated compact Λ-modules, pseudo isomorphisms give an
equivalence relation. There is a structure theorem on compact Λ-modules.
Lemma 3.1 (Whasington [Was97], Chapter 13). Let E be a compact Λ-module.
(1) (Nakayama’s lemma) E is a finitely generated Λ-module if and only if E/(p, T )
is a finite group.
(2) Let E be a finitely generated Λ-module. Then, there is a pseudo isomorphism
E ∼ Λ⊕r ⊕ (⊕iΛ/(feii ))⊕ (⊕jΛ/(pmj))
to a unique normal form. Here, r, ei,mj ∈ N, and fi ∈ Zp[T ] is a irreducible
Weierstrass polynomial, namely, the coefficient of its highest term is 1 and others
are multiples of p.
(3) Let µ =
∑
mj , λ =
∑
ei deg(fi) in the normal form above, and put νpn :=
(tp
n − 1)/(t− 1) =∑0≤i<pn ti. If E/νpnE is finite for all n, then r = 0, and there
is some ν, n0 such that for any n > n0,
E/νpnE = p
λn+µpn+ν .
(4) In this situation, µ = 0 if and only if the p-rank of E/νpnE is bounded.
Next, we review number theory. A Zp-field
∗ is a field obtained as a Zp-extension
of a number field. If k∞/k is a Zp-extension of a number field, then k∞ is the
∗A cyclotomic Zp-field and a cyclotomic Zp-field which includes p-power-th roots of unity in
this paper are a Zp-field and a cyclotomic Zp-field in the sense of Iwasawa in [Iwa81] respectively.
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direct limit (union) of Z/pnZ-extensions kn/k. We assume that Zp-fields are also
contained in C. A famous formula is stated as follows:
Theorem 3.2 (Iwasawa’s class number formula [Iwa59]). Let k∞/k be a Zp-
extension of a finite number field. For each n ∈ N = N ∪ {0}, let kn/k denote
the subextension of degree pn, and let Cl(kn)[p] denote the p-ideal class group.Then
there are some λ, µ ∈ N, ν ∈ Z, and n0∈ N such that for any n > n0,
#Cl(kn)[p] = p
λn+µpn+ν .
These λ, µ, and ν are called the Iwasawa invariants, and denoted as λk∞/k, µk∞/k,
and νk∞/k. The value of λ and whether µ = 0 or not depend only on the Zp-field
k∞, and are independent of the base field k. Hence they are sometimes expressed
as λk∞ and µk∞ = 0. Let Q∞ denote the unique Zp-extension over Q. For a num-
ber field k, the cyclotomic Zp-extension of k is defined by k
cyc
∞ := kQ∞, and the
Iwasawa invariants of k are defined by those of kcyc∞ /k.
In the following, we review a proof of this formula with use of Lemma 3.1 on
Λ-modules. Let k∞/k and kn be as above, let t be a topological generator of
Γ := Gal(k∞/k) ∼= Zp, and fix an identification Λ = Z[[T ]] ∼= Zp[[Γ]]; 1 + T ←→ t.
The group Γ acts on the inverse system
{
Cl(kn)[p]
}
n
and hence the Iwasawa module
H := lim←−Cl(kn)[p] continuously, and this action makesH a compact Λ-module. The
p-class groups Cl(kn)[p] can be expressed as a quotient of H:
Proposition 3.3 (Washington [Was97], Proposition 13.22 and Chapter 13.3). Let
k∞/k be a Zp-extension with n-th subfield kn, and put H= lim←−Cl(kn)[p].
(1) When precisely one prime is ramified in k∞/k and it is totally ramified, for
each n, (i) there is an isomorphism
Cl(kn)[p] ∼= H/(tp
n − 1)H,
and (ii) p|#Cl(k) if and only if p|#Cl(kn).
(2) More generally, if every ramified prime in k∞/k is totally ramified, then there
is a subgroup H′ < H of finite index such that Cl(kn)[p] ∼= H/νpnH′.
The number of ramified primes in a Zp-extension is always finite. General cases
reduce to the cases of totally ramified. Indeed, for any Zp-extension k∞/k, there is
some n0 such that k∞/kn0 is totally ramified at every ramified prime.
The following lemma can be obtained from Lemma 3.1 (1):
Lemma 3.4 (Washington [Was97], Chapter 13.3). The Iwasawa module H is a
finitely generated torsion Λ-module.
Now Theorem 3.2 (Iwasawa’s class number formula) follows immediately from
Lemma 3.4, Proposition 3.3, and Lemma 3.1 (3) (The structure theorem of compact
Λ-modules).
On the other hand, in a Zp-extension k∞/k, ideal class groups of kn form an
inductive system with respect to the maps induced by the natural injections of
ideal groups Ikn →֒ Ikn+1 . The ideal class group of k∞ = ∪kn is defined by
Cl(k∞) := I(k∞)/P (k∞), where I(k∞) = lim−→ I(kn), P (k∞) = lim−→P (kn), and satisi-
fies Cl(k∞) = lim−→Cl(kn). We have the following proposition.
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Proposition 3.5 (Iwasawa [Iwa81], a remark in Chapter 5). Let k∞/k be a cyclo-
tomic Zp-extension. Then, there is an isomorphism of discrete Λ-modules
Cl(k∞) = lim−→Cl(kn)[p] ∼= (Qp/Zp)
λk∞/k ⊕A′,
where A′ is a bounded module, namely, there is some a ∈ N such that paA′ = 0,
and µk∞/k = 0 if and only if A
′ = 0.
Such a group is discussed also in Iwasawa [Iwa73a], Chapter 5.
4. Iwasawa type formula of branched Zp-covers and Λ-modules
In this section, we first introduce the notion of a branched Zp-cover of 3-manifolds
as an analogue of a Zp-extension, and explain that it essentially generalizes the
conventional objects. Next, we prove the Iwasawa type formula on the homology
growth for a branched Zp-covers of QHS
3’s. Moreover, we state a p-adic variant
of Sakuma’s exact sequence, whose proof will be given afterwards, and deduce an
alternative proof of the Iwasawa type formula in a parallel manner to the case of
number theory. In addition, we deduce a proposition on the direct limit of homology
groups which will be used in Section 7. We also discuss further generalization to
the cases of non-QHS3 briefly.
4.1. Branched Zp-covers. In this subsection, we discuss an analogue of Zp-extension.
Definition 4.1. Let M be a 3-manifold and let L be a link in M . A branched Zp-
cover over (M,L) is an inverse system M˜ = {hn :Mn →M}n of cyclic branched
covers of M branched over L with degree pn. It is a branched Zp-cover of QHS
3 if
all Mn are QHS
3.
Proposition 4.2. Let L be a link in a 3-manifold M and put X = M − L. A
branched Zp-cover over (M,L) corresponds to a homomorphism τ : π1(X) → Zp
such that τ mod p 6= 0 uniquely up to Aut(Zp).
Proof. If such τ is given, then the composite τn := (Zp ։ Z/p
nZ) ◦ τ with the
natural surjection is a surjective homomorphism for each n ∈ N. A subgroup
Ker(τn) < π1(X) corresponds to a cyclic cover hn : Xn → X with degree pn, and
hence a cyclic branched cover hn :Mn →M by Fox completion. The family {hn}n
forms an inverse system in a natural way.
Conversely, if such an inverse system M˜ = {hn :Mn →M}n is given, a family of
surjective homomorphism τn : π1(X)։ Z/p
nZ is obtained. Since hn is a subcover
of hn+1 for each n, Ker τn < Ker τn+1 holds, and there is a surjective homomorphism
qn : Z/p
n+1Z։ Z/pnZ which satisfies qn◦τn+1 = τn. The inverse limit of an inverse
system {Z/pnZ, qn}n is isomorphic to Zp, and hence τ : π1(X) → Zp is obtained
up to Aut(Zp). (In order to obtain τ explicitly, for each n, we replace τn by the
composite of τn and an element of Aut(Z/p
nZ) such that qn is the natural surjection
Zp → Z/pnZ.) Such τ is unique up to Aut(Zp). 
The assumption τ mod p 6= 0 is equivalent to that τ sends a generator of π1(X) to
a unit of Zp, that τ has a dense image, and that τ induce a surjection τ : π̂1(X)։
Zp from the pro-p completion defined as π̂1(X) := lim←−N π1(X)/N with N running
through the set of normal subgroups with p-power indices.
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Remark 4.3. Let M˜ be a branched Zp-cover as above. The Fox completion
is defined for more general objects than manifolds called spreads ([Fox57]), and
M∞ := lim←−Mn is the Fox completion of X∞ := lim←−Xn, which is not necessarily a
manifold. There are some researches on such objects ([Del86], [Del88], [CS78]).
Since the image of τ : π1(X) → Zp is abelian, τ factors through π1(X)ab ∼=
H1(X). In order to see examples, we prepare the following lemma on H1(X).
It was originally given by [KM08] Lemma 4.2 for QHS3, but it can be prove for a
general (oriented, connected, and closed)M in a similar way with use of intersection
form.
Lemma 4.4. Let L = ⊔Ki be a d-component link in a 3-manifold M , put X =
M − L, and let µi ∈ H1(X) denote the meridian of Ki for each i. Then that
L consists of null-homologous components is equivalent to that the natural exact
sequence
0→ 〈µ1, ..., µd〉 → H1(X)→ H1(M)→ 0
with 〈µ1, ..., µd〉 ∼= Zd splits, and that H1(X)free := H1(X)/H1(X)tor has a Z-basis
containing the image of (µ1, . . . , µd).
Proof. Fix a tubular neighborhood VL = ⊔VKi of L and put X◦ = M − Int(VL).
Then there is a non-degenerate quadratic form I : H2(X
◦, ∂X◦)free×H1(X◦)free →
Z called the intersection form. Let µi denote the meridians ofKi in all ofH1(∂VKi),
H1(X
◦) ∼= H1(X), and H1(X)free for each i.
Suppose that [Ki] = 0 in H1(M) for all i. Then for each i, there is a surface
S′i in M such that ∂S
′
i = Ki. We may assume that Int(S
′
i) intersects both L and
∂VL transversely. Put Si := S
′
i ∩X◦. Since there is a basis of H1(∂X◦) containing
(∂[S1], · · · , ∂[Sd]), there is a Z-basis of H2(X◦, ∂X◦)free containing ([S1], · · · , [Sd]).
Replace elements Tj of this basis other than Si’s so that I(Tj , µi) = 0. Then the
dual basis of H1(X) with respect to I contains (µ1, · · · , µd), and its lift defines an
isomorphism H1(X)
∼=→ 〈µ1, · · · , µd〉Z ⊕H1(M).
Conversely, suppose that there is a Z-basis of H1(X)free containing (µ1, . . . , µd),
and take the dual basis of H2(X
◦, ∂X◦) with respect to I. Then for each i, there
is a surface Si in X
◦ such that [Si] is an element of the dual basis satisfying
I([Si], µi) = 1. We may assume that Si intersects ∂X transversely. Since ∂M = φ,
∂Si is the sum of a longitude of ∂VKi and some meridians. Capping off the meridians
in ∂Si by the meridian discs, and extending the longitudes of ∂VKi to Ki, we obtain
a Seifert surface S′i of Ki, and hence [Ki] = 0 in H1(M). 
Following is an important example obtained from a Z-cover.
Example 4.5 (TLN-cover, [KM08]). Let L = ∪Ki be a link in a 3-manifold M ,
let µi denote the meridian of Ki, and suppose that L consists of null-homologous
components. Then a standard Z-cover X˜ → X =M −L is defined by τ : π1(X)→
Z; ∀µi 7→ 1 which induce the zero map on H1(M) and it is called the TLN-cover
over (M,L). We call the inverse system of branched p-covers obtained from such a
Z-cover the TLN-Zp-cover M˜ = {hn :Mn →M}n over (M,L).
We prove in Subsection 4.4 that all the Mn are QHS
3 if and only if M is a QHS3
and the reduced Alexander polynomial ∆L,τ (t) is not divided by any cyclotomic
polynomial of p-power-th.
In order to explain that the notion of a branched Zp-cover gives an essential
generalization, we introduce the notion of an isomorphism of them.
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Definition 4.6. Branched Zp-covers M˜ = {hn :Mn →M}n and M˜ ′ = {h′n :
M ′n →M ′}n are isomorphic if the following equivalent conditions are satisfied.
(1) There is a compatible system {fn :M ′n
∼=→Mn}n of isomorphisms on each layer.
(2) There is an isomorphic cover f0 : X
′
∼=→ X of the exteriors of some links in the
exterior, and there is an isomorphism ι : Zp
∼=→ Zp such that ι ◦ τ = τ ′ ◦ f0∗, where
τ : π1(X) → Zp and τ ′ : π1(X ′) → Zp are the the defining homomorphisms and
f0∗ : π1(X)
∼=→ π1(X ′) is the induced map.
Proof. We prove the equivalence of (1) and (2). Suppose an isomorphism f0 : X
′
∼=→
X is given. Let τn, τ
′
n denote the composites of τ , τ
′ and the natural surjection
Zp ։ Z/p
nZ respectively, and consider the following commutative diagram consists
of exact rows.
0 // π1(X ′n) //
fn∗

π1(X
′)
τ ′n //
f0∗∼=

Z/pnZ //
ιn

0
0 // π1(Xn) // π1(X)
τn // Z/pnZ // 0
By diagram chasing, taking fn is equivalent to taking ιn, and fn∗ is isomorphic if
and only if ιn is isomorphic. Then the conclusion follows immediately. 
A branched Zp-cover M˜ over (M,L) is isomorphic to one obtained from a Z-cover
if and only if the defining homomorphism τ factors some homomorphism Z →֒ Zp.
If L is a knot and M is a QHS3, then M˜ is always isomorphic to one obtained from
a Z-cover. However, if L has more than one component, then M˜ may not:
Example 4.7. Let p ≡ 1 (mod 4). Then √−1 ∈ Z∗p. Let L = K1 ∪ K2 be a 2-
component link inM = S3 and put X =M−L. Let µi denote the meridians of Ki,
and let M˜ be a branched Zp-cover over (M,L) defined by τ : H1(X)→ Zp;µ1 7→
1, µ2 7→
√−1. Since 1 and√−1 cannot move into Z at the same time by multiplying
any unit of Zp, τ does not factor through any homomorphism Z →֒ Zp. Therefore
M˜ cannot be obtained from a Z-cover.
More concretely, let p = 5. Then
√−1 = ....1212(5) (base 5). Let M˜ ′ be another
Zp-cover defined by τ
′ : µ1 7→ 1, µ2 7→ 12(5). Then hn and hn are isomorphic for
n ≤ 2. Thus, a Zp-cover can be “approximate” by Z-cover as much as we like.
We remark that an analogue of the Hilbert ramification theory for Zp-extensions
holds in a natural way. It is an immediate consequence of the theory for finite
covers given in [Mor12] Chapter 5 or [Uek14]:
Let M˜ = {hn :Mn →M}n be a branched Zp-cover over (M,L), let K ⊂M be a
knot in or outside L, and let K˜ = {Kn}n denote an inverse system of knots over K
in N˜ . For each n, there is a subgroup of Gal(hn) called the inertia group IKn and
the decomposition group DKn of Kn in hn. They satisfy IKn < DKn < Gal(hn)
and control the behavior of Kn as follows: Let hn : Mn → Tn → Zn → M denote
the corresponding decomposition. Then (the images of) Kn is totally branched
in Mn → Tn, totally inert in Tn → Zn, and totally decomposed in Zn → M .
Moreover, since each subgroup of Gal(hn) ∼= Z/pnZ is equal to Gal(hm,n) for some
m ≤ n, Tn =Mn1 and Zn =Mn2 for some n2 ≤ n1 ≤ n.
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Note that {IKn}n and {DKn}n form surjective systems. We define the inertia
group IK˜ and the decomposition group DK˜ of K˜ as their inverse limits. Since
lim←−Gal(hn) ∼= Zp, they are open subgroups with IK˜ < DK˜ < lim←−Gal(hn), and they
control the behavior of K˜ in M˜ in a similar way to the case of finite covers. Since
each open subgroup G′ of lim←−Gal(hn) ∼= Zp satisfies lim←−Gal(hn)/G
′ ∼= Gal(hm) for
some m ∈ N, we have the following.
Proposition 4.8. Let M˜ = {hn :Mn →M}n be a branched Zp-cover over (M,L),
let K ⊂ M be a knot in or outside L, and let K˜ = {Kn}n denote a surjecitve
system of knots over K in N˜ . Then K˜ satisfies one of the following: (i) infinitely
branched, finitely inert, and finitely branched, (ii) unbranched, infinitely inert, and
finitely decomposed, (iii) unbranched, non-inert, and totally decomposed.
We say a branched Zp-cover M˜ = {hn :Mn →M}n over (M,L) is properly
branched if it satisfies the following equivalent conditions: (1) Some hn is properly
branched over some non-empty link, (2) M˜ is infinitely branched over some non-
empty link, (3) τ(µi) 6= 0 for some meridian µi of L.
4.2. The Iwasawa type formula and Sakuma’s exact sequence. In this sub-
section, we prove the Iwasawa type formula for a branched Zp-cover of QHS
3.
Moreover, we state a p-adic variant of Sakuma’s exact sequence. Then we deduce
an alternative direct proof of the Iwasawa type formula, and also an assertion on a
direct limit module.
For any manifold M , we denote H1(M)[p] := H1(M,Zp) = H1(M) ⊗ Zp. If
M is a QHS3, then H1(M)[p] is identified with the p-torsion subgroup of H1(M).
A generalization of the analogue of Iwasawa’s class number formula ([HMM06],
[KM08]) describes the behavior of p-torsions in a branched Zp-cover of QHS
3:
Theorem 4.9 (the Iwasawa type formula). Let M˜ = {hn :Mn →M}n be a branched
Zp-cover of QHS
3 over (M,L). Then for the p-torsion subgroups H1(Mn)[p] of the
1st homology groups, there are some λ, µ ∈ N, ν ∈ Z and n0 ∈ N such that for
n > n0,
#H1(Mn)[p] = p
λn+µpn+ν .
Definition 4.10. These λ, µ, and ν are called the Iwasawa invariants of M˜ . They
are sometimes denoted as λ
M˜
, µ
M˜
, and ν
M˜
.
Since a branched Zp-cover can be approximated by Z-covers as much as we like,
the proof of this formula comes down to the case obtained from a Z-cover ([KM08]).
Proof. For each n1 ∈ N, let τn1 : H1(X)։ Z/pn1Z be the defining homomorphism
of Mn1 → M . Since τn1 lifts to the homomorphism τ to Zp, H1(X)tor < Ker τn1 ,
and τn1 sends a torsion-free element b ∈ H1(X) to a unit of Zp. By composing
an automorphism of Z/pn1Z, we may assume that τn1(b) = 1. Then τn1 lifts to a
surjective homomorphism τ˜n1 : H1(XL) ։ Z obtained as follows: take a Z-basis
of H1(X)free := H1(X)/H1(X)tor, and define H1(X)free ։ Z by sending basis to
the integers with the same presentation of the images by τn1 , and let τ˜n1 be the
composite with H1(X)։ H1(X)free.
Note that there is n0 independent of n1 and the Iwasawa type formula holds for
n0 < n < n1. Indeed, n0 is determined by H1(M) and the p-adic valuations of the
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images of τ ([KM08]). Therefore, for sufficiently large n1, the Iwasawa invariants
of branched covers Zp defined by τ˜n1 and τ coincide. 
In the proof of the Iwasawa type formula by Kadokami–Mizusawa in [KM08],
Sakuma’s exact sequence ([Sak81] Section 4, [KM08] Lemma 3.4) played a key role.
A p-adic variant of this sequence is stated in the following.
Let L = ⊔Ki be a link in a 3-manifold M , put X =M −L, and let µi ∈ H1(X)
denote the meridian of Ki. Let M˜ be a branched Zp-cover over (M,L) defined
by τ : H1(X) → Zp and suppose that it is properly branched. Then hn,n+1∗ :
H1(Mn+1) → H1(Mn) is surjective for any n ≫ 0 (e.g., [Uek14] Theorem 6). We
define the Iwasawa module of M˜ by H := lim←−H1(Mn)[p]. We fix an identification
Λ = Zp[[T ]] ∼= Zp[[〈̂t〉]] = lim←−Zp[t]/(t
pn − 1); 1 + T ←→ t. Then H is a Λ-module.
For each n, H1(Mn)[p] is a Zp[t]/(t
pn − 1)-module, and hence also is a Λ-module.
Put νpn = 1 + t+ ...+ t
pn−1. Now we have the following:
Proposition 4.11 (Sakuma’s exact sequence). Let M˜ be a branched Zp-cover and
let the notation be as above. Suppose that M˜ is properly branched.
(1) If τ(µi) 6= 0mod p for every i, equivalent to say, if M˜ is totally branched over
L, then for each n we have an exact sequence
H1(M)[p] → H1(Mn)[p] → H/νpnH → 0.
(2) In any case, there is some n0 such that for any n > n0 we have an exact
sequence
H1(Mn0)[p] → H1(Mn)[p] → H/νpn−n0H → 0.
The proof will be given in the subsequent subsection. Note that if H1(M) or
H1(Mn0) is finite, then its image by the transfer maps in H1(Mn)’s is constant
for n ≫ 0. Combining Proposition 4.11 and the next lemma, the Iwasawa type
formula (Theorem 4.9) follows immediately from the structure theorem of compact
Λ-modules (Lemma 3.1 (3)), similarly to the case of number theory in Section 3.
Lemma 4.12. Suppose that M˜ consists of QHS3’s. Then the Iwasawa module
H = lim←−H1(Mn)[p] of M˜ is a finitely generated torsion Λ-module.
Proof. Since H is an inverse limit of Λ-modules with finite orders, it is a compact
Λ-module. In the composite H1(Mn)[p]/h
!
n(H1(M1)[p])
∼= H/νpnH։ H/(p, T ), the
right hand term is finite. Hence the module H is finitely generated by Nakayama’s
lemma (Lemma 3.1 (1)). Moreover, since H/νpnH is a finite group, H is a torsion
Λ-module by Lemma 3.1 (3). 
We note that H can be a finitely generated torsion Λ-module even if M˜ does not
consist of QHS3’s (See Subsection 4.4).
Finally, we prove an assertion on a direct limit module by the transfer maps. It
plays an important role in the proof of Kida’s formula in Section 7.
Proposition 4.13. Let M˜ be a branched Zp-cover of QHS
3 and let H1(M˜)[p] :=
lim−→H1(Mn)[p] denote the direct limit by the transfer maps. Then, there is an iso-
morphism of discrete Λ-modules H1(M˜)[p] ∼= (Qp/Zp)λM˜⊕A′, where A′ is a bounded
Λ-module, namely, there is some a ∈ N such that paA′ =0, and A′ = 0 holds if and
only if µ
M˜
= 0.
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Proof. In general, let E be a Λ-module. If E ∼ Λ/(pm), then lim−→E/E/νpnE by
νpn+1/νpn is a bounded infinite group. If E ∼ Λ/(pm), then lim−→E/E/νpnE ∼=
(Qp/Zp)
λ. Let E ∼ E′ be a pseudo isomorphism of Λ-modules. Then their direct
limits by νpn+1/νpn are isomorphic to each other.
Now we consider the following direct system for the exact sequences of Proposi-
tion 4.11.
H1(M)[p]
h!n+1// H1(Mn+1)[p] // H/νpn+1H // 0
H1(M)[p]
h!n // H1(Mn)[p] //
h!n+1,n
OO
H/νpnH //
νpn+1/νpn
OO
0
Since the direct limit functor is exact, there is an isomorphismH1(M˜)[p]/h
!
∞(H1(M)[p])∼= (Qp/Zp)λM˜ ⊕ A′′, where A′′ is a bounded Λ-module, and A′′ = 0 if and only if
µ
M˜
= 0. Since h!∞(H1(M)[p]) is a finite group, there is an isomorphism H1(M˜)[p]
∼=
(Qp/Zp)
λ
M˜ ⊕ A′ with a bounded module A′. If µ
M˜
= 0, then by Lemma 3.1 (4),
the p-ranks of H1(Mn)[p] are bounded, and hence the p-ranks of h
!
n(H1(M)[p])
are also bounded. Moreover, since τ : H1(X) → Zp sends torsions to zero,
hn,n+1∗ : H1(Mn+1) → H1(Mn) is surjective on the torsion subgroup. Thus, for
sufficiently large n, a map h!n,n+1◦hn,n+1∗ on H1(Mn+1) is multiplication by p, and
h!n(H1(M)[p]) is contained in pH1(Mn+1)[p]. Therefore h
!
∞(H1(M)[p]) has to be a
subgroup of a divisible group, and there is an isomorphism H1(M˜)[p] ∼= (Qp/Zp)λM˜ .
Conversely, if this isomorphism holds, then µ
M˜
= 0 clearly holds. 
4.3. Proof of Sakuma’s exact sequence (Proposition 4.11). We prove Propo-
sition 4.11 by modifying the argument in [KM08], Chapter 3.
The assertion (2) can be reduced to (1). Indeed, consider the branched cover
hn,n+1 : Mn+1 → Mn of degree p, let K be a component of h−1n (L) in Mn, let µ
denote its meridian, and µ˜ a meridian over µ in Mn+1. If hn,n+1 is branched along
K, then hn,n+1∗(µ˜) = pµ. If otherwise, then hn,n+1∗(µ˜) = µ. Therefore, if we put
n0 = max {vp(τ(µi))}i where vp(x) denote the p-adic valuation of a number x, then
τn0 : H1(Xn0)→ pn0Zp
∼=→ Zp sends every meridian µi of h−1n0 (L) in H1(Xn0) to an
element whose image by mod p is non-trivial. Thus, by replacing the base space by
Xn0 , we can reduce (2) to (1).
In order to prove the assertion (1), we prepare several lemmas. We put Λ0 =
Z[〈t〉]. Then every H1(Mn) is a Λ0 = Z[〈t〉]-module.
Lemma 4.14. Suppose n < m. If M˜ is totally branched over L, then there is a
natural exact sequence of Λ0-modules:
pm−nZ/pmZ→ H1(Xm)/νpnH1(Xm)→ H1(Mn)/h!n(H1(M))→ 0.
In addition, for the meridian module 〈µ˜i〉 := Ker(H1(Xm)→ H1(Mm)), there is a
natural exact sequence:
0→ 〈µ˜i〉/νpn → H1(Xm)/νpnH1(Xm)→ H1(Mm)/νpnH1(Mm)→ 0.
By taking ⊗Zp, similar exact sequences of Λ-modules are obtained.
Proof. Put G := Gal(hm) for the subcover hm : Xm → X of degree pm. Then there
is an exact sequence 1 → π1(Xm) → π1(X) → G → 1, and the Hochschild–Serre
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spectral sequence ([Bro94]) yields an exact sequence H2(G) → H1(π1(Xm))G →
H1(π1(X)) → H1(G) → 0. Since G = 〈t | tpm〉 ∼= Z/pmZ is a finite cyclic group,
by applying the Hurewicz isomorphism, we have H2(G) = 0, H1(π1(Xm))G =
(π1(Xm)
ab)G ∼= H1(Xm)G = H1(Xm)/(t − 1)H1(Xm), H1(π1(X)) = π1(X)ab ∼=
H1(X), and H1(G) = G ∼= Z/pmZ. Therefore we obtain an exact sequence 0 →
(t − 1)H1(Xm) → H1(Xm) → H1(X) → Z/pmZ → 0. In a similar way, for
a subcover hn,m : Xm → Xn, an exact sequence 1 → π1(Xm) → π1(Xn) →
Gal(hn,m) → 1 yields an exact sequence 0 → (tpn − 1)H1(Xm) → H1(Xm) →
H1(Xn)→ pn(Z/pmZ)→ 0. Therefore, a commutative diagram with exact rows
C∗(Xm)
tp
n
−1 // C∗(Xm)
hn,m∗ // C∗(Xn) // 0
C∗(Xm)
t−1 // C∗(Xm)
hm∗ //
νpn
OO
C∗(X) //
h!n
OO
0
yields the following commutative diagram with exact rows
H1(Xm)
tp
n
−1 // H1(Xm) // H1(Xn)
τ˜n // pn(Z/pmZ) // 0
H1(Xm)
t−1 // H1(Xm) //
νpn
OO
H1(X)
τ˜ //
h!n
OO
Z/pmZ //
×pn
OO
0.
Since νpn : (t − 1)H1(Xm) → (tpn − 1)H1(Xm) is surjective, there is an isomor-
phism Coker(νpn : H1(Xm)→ H1(Xm)) ∼= Coker(νpn : H1(Xm)/(t− 1)H1(Xm)→
H1(Xm)/(t
pn − 1)H1(Xm). By the Snake lemma, we obtain an exact sequence
pm−nZ/pmZ→ H1(Xm)/νpnH1(Xm)→ H1(Xn)/h!n(H1(X))→ 0.
Now we consider the following commutative diagram with exact rows.
H2(Mn, Xn)
∂n // H1(Xn) // H1(Mn) // 0
H2(M,X)
OO
∂1 // H1(X)
h!n
OO
// H1(M)
h!n
OO
// 0
By the assumption of (1) that M˜ is totally branched over L, the transfer map
h!n is surjective on the meridians. Hence we have an isomorphism h
!
n : Im ∂1 →
Im ∂n. By the snake lemma, we obtain an isomorphism H1(Xn)/h
!
n(H1(X))
∼=→
H1(Mn)/h
!
n(H1(M)) on the Coker of two vertical morphisms on the right side.
Thus we have obtained an exact sequence of Λ0-modules. 
Next, we recall some facts on inverse limits. We say that an inverse system
{An}n of abelian groups satisfies the Mittag-Leffler condition (ML-condition) if
“for any n there exists some n′ such that for any n′′ > n′, Im(An′′ → An) is
constant”. If {An}n consists of finite groups, or if its morphisms are all surjective,
then it satisfies ML-condition. An inverse system {An}n is said to be ML-zero if it
satisfies a modified ML-condition in which “constant” is replaced by “zero”. Recall
Λ = Zp[[T ]]. A profinite Λ-module is one obtained as the inverse limit of discrete
Λ-modules. A homomorphism of profinite Λ-modules is a continuous Λ-module
homomorphism. It is always a closed map, because it is a continuous map from a
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compact space to a Hausdorff space. Note that profinite Λ-modules form an abelian
category. By [Jan88] §1, we have the following lemma.
Lemma 4.15. Let {An}n , {Bn}n , {Cn}n be inverse systems of profinite Λ-modules.
(1) Then, an exact sequence 0→ An → Bn → Cn → 0 of inverse systems yields an
exact sequence 0 → lim←−An → lim←−Bn → lim←−Cn → lim←−
1An. If {An}n satisfies the
ML-condition, then lim←−
1An = 0 holds.
(2) If {An}n is ML-zero, then an exact sequence An → Bn → Cn → 0 yields an
isomorphism lim←−Bn
∼=→ lim←−Cn.
(3) Suppose that {An}n is a surjective system and let {fn : An → An}n be a family
of endomorphisms commutative with the system. Put A = lim←−An and let f : A → A
denote the induced map. Then A/f(A) ∼=→ lim←−An/fn(An).
Proof. Here we prove (3). Since each f(A)→ fn(An) is a surjection, the inclusion
map ι : f(A) →֒ lim←−n fn(An) is a continuous homomorphism with dense image.
Since ι is a closed map, ι is an isomorphism and we have f(A) = lim←−n fn(An).
Now consider exact sequences 0 → fn(An) → An → An/fn(An) → 0 compatible
with the inverse system. Since {fn(An)}n is a surjective system, (1) yields an
exact sequence 0 → lim←−n fn(An) → A → lim←−nAn/fn(An) → 0. Thus we obtain
A/f(A) ∼=→ lim←−An/fn(An). 
Now we give a proof of Proposition 4.11 (1):
Proposition 4.11 (1), Sakuma’s exact sequence. We consider the inverse systems
with respect to m in Lemma 4.14. In the first exact sequence, the transition mor-
phisms on the first terms Lm := p
m−nZ/pmZ∼= 〈tpm−n |tpm〉 are {mod pm : Lm+1 →
Lm}m. Hence ifm′ > m+ n, then Lm′ → Lm is the zero map. Thus the first term is
ML-zero, and Lemma 4.15 (2) yields an isomorphism lim←−m(H1(Xm)[p]/νpnH1(Xm)[p])
∼=→H1(Mn)[p]/h!n(H1(M)[p]).
In the second exact sequence in Lemma 4.14, since the transition maps on
the finite p-torsion abelian groups 〈µi〉/νpn are the multiplication by p, these
terms also satisfy ML-zero. Therefore by Lemma 4.15 (2), there is an isomor-
phism lim←−m(H1(Xm)[p]/νpnH1(Xm)[p]) ∼= lim←−m(H1(Mm)[p]/νpnH1(Mm)[p]). Since{
H1(Mm)[p]
}
m
is a surjective system of pro-p abelian groups, Lemma 4.15 (3) yields
an isomorphism lim←−m(H1(Mm)[p]/νpnH1(Mm)[p]) ∼= H/νpnH. 
4.4. Remarks on non-QHS3 cases. In this subsection, we briefly discuss further
generalization of Iwasawa type formula for non-QHS3 cases.
Lemma 4.16. (1) Let E ∼ ⊕iΛ/(pmii )⊕⊕jΛ/(fejj ) be a pseudo isomorphism from
a finitely generated torsion Λ-module to the normal form. Then E/νpnE is a infinite
group if and only if fi are not p
n′-th cyclotomic polynomial for any 1 ≤n′ ≤ n.
(2) Let f be a p-power-th cyclotomic polynomial in Z[t], which is an irreducible
Weierstrass polynomial in Zp[[T ]], and put E = Λ/(f
e). Then the following are
equivalent: that E/νpnE is constant for n≫ 0, that (fe, νpn) is constant for n≫ 0,
and that e = 1.
Proof. Note that νpn = νpn(t) = (t
pn−1)/(t−1) = νpn(1+T ) in Z[t] ⊂ Zp[[T ]]; t 7→
1 + T is the product of all the pn
′
-th cyclotomic polynomials for 1 ≤ n′ ≤ n.
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(1) A module of the form (Λ/(pmi))/νpn(Λ/(p
mi)) is finite in any case. By
a general fact that monic polynomials g, h ∈ Z[t] with positive degrees satisfy
#Z[t]/(g, h) <∞ if and only if they have no common divisor, a module of the form
(Λ/(fe
j
j ))/νpn(Λ/(f
ej
j )) = Λ/(f
ej
j , νpn) is finite if and only if the monic polynomi-
als f
ej
j and νpn have no common divisor, that is, fj is not the p
n′-th cyclotomic
polynomial for 1 ≤ n′ ≤ n.
(2) Let f be the pn-th cyclotomic polynomial in Z[t] ⊂ Zp[[T ]]. Then (f, νpn′ ) =
(f) holds for any n′ ≥ n. We suppose both e > 1 and that E/νpn′E is constant
for n′ ≫ 0, and lead a contradiction. By these hypothesises, we have (fe, νpn) =
(f)(fe−1, νpn/f), and there is some n
′ ≥ n with (fe−1, νpn′ /f) = (fe−1, νpn′+1/f).
By taking mod f , we have (νpn′ /f) = (νpn′+1/f) in Λ/(f). Let α = α1, . . . , αϕ(pn)
denote the roots of f in an algebraic closure Zp of Zp, where ϕ(n) is the Euler
function. Then we have a standard injective homomorphism Λ/(f) →֒ Zϕ(p
n)
p , and
((νpn′ /f)(α)) = ((νpn′+1/f)(α)) in Zp. However, the p
n′+1-th cyclotomic polyno-
mial qpn′+1 satisfies νpn′+1/f = qpn′+1νpn′/f and (qpn′+1(α)) = (p
n′+1−n) 6= (1).
Thus we have ((νpn′ /f)(α)) 6= ((νpn′+1/f)(α)), and hence contradiction. 
Theorem 4.17. Let M˜ be a branched Zp-cover of 3-manifolds, and suppose that
H = lim←−H1(Mn)[p] is a finitely generated torsion Λ-module. Then
(1) The n-th cover Mn is QHS
3 if and only if M is a QHS3 and the characteristic
polynomial charH of H is not divided by pn′-th cyclotomic polynomial for n′ ≤ n.
(2) If every p-power-th cyclotomic polynomial contained in charH is of exponent 1,
then the p-torsion subgroups H1(Mn)[p] satisfy the Iwasawa type formula.
Proof. LetH ∼ ⊕iΛ/(pmii )⊕⊕jΛ/(fejj ) be a pseudo isomorphism to a normal form,
and put Ej := Λ/(f
ej
j ) for each j. Then Ej/νpnEj contains a free Zp-module if
and only if fj is the p
n′-th cyclotomic polynomial for some n′ ≤ n. If Ej/νpnEj is
constant for n≫ 0 for every j such that fj is a p-power-th cyclotomic polynomial,
then by considering the direct sum of factors which do not correspond to such j’s,
we have the same augment as before. Therefore the previous lemma yields this
theorem. 
Example 4.18. Let M be a QHS3, let L = ⊔Ki be a link with null homologous
d-components in M , put X = M − L, and let µi ∈ H1(X) denote the meridian
of Ki. Let v1, ..., vd be units of Zp, let τ : H1(X) → Zp be a homomorphism
defined by µi 7→ vi, and let M˜ be the branched Zp-cover defined by τ . Then M˜ is
totally branched over L. Let ∆L,τ (t) = ∆L(t
v1 , . . . , tvd) denote the p-adic reduced
Alexander polynomial in Zp[[〈̂t〉]]. Since we can approximate M˜ by Z-covers as
much as we can, from a well-known fact for Z-covers and [KM08] Theorem 3.3 (a
variant of the Mayberry–Murasugi formula [MM82] or Porti’s result [Por04]), we
can easily deduce isomorphisms H ∼=→ Λ/(∆L,τ(t)) and H1(Mn)/h!n(H1(M))[p]
∼=→
H/νpnH, and ||H1(Mn)/h!n(H1(M))||p =
∏
ζn=1 |∆L,τ (ζ))|p. (For a group G, we
put |G| = #G or zero according as G is finite or infinite. For a number x, |x|p
denotes the p-adic norm.)
Typical examples with cyclotomic Alexander polynomial is torus knots. Only
for here, the subscription n means the covering degree over S3. If L = K is the
trefoil in M = S3, then ∆K(t) = t
2 − t+ 1 is the 6-th cyclotomic polynomial, and
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H1(M6) = Z
2, H1(M3) = (Z/2Z)
2, H1(M2) = Z/3Z are known. For 3-fold cover
M6 → M2 and double-cover M6 → M3, the maps on H1 are not surjections on
3-torsions and 2-torsions respectively. However, for n > 0, M2·3n+1 → M2·3n and
M3·2n+1 → M3·2n induce surjections on 3-torsions and 2-torsions respectively, and
satisfy the Iwasawa type formula with trivial invariants. If we take the connected
sum with the trefoil and the figure eight knot, then we obtain a non-trivial example.
Remark 4.19. For a branched Z-cover over a link L in S3, we have the balance
formula among the p-adic Mahler measure of the Alexander polynomial, the the
Iwasawa µ-invariant, and the p-adic entropy ([Uek]).
We expect further study (i) with use of higher Alexander polynomial ([SW02],
[Le14]), (ii) for graph-branched cases ([Por04]), (iii) about the asymptotic formula
related to hyperbolic volumes ([BV13], [Le14]).
5. Morphisms of branched Zp-covers
In this section, we introduce an analogue object of an extension of Zp-fields, and
discuss a condition for µ = 0. We also define chains of branched Zp-covers by the
direct limits with respect to the transfer maps, and calculate Tate cohomologies for
an equivariant Galois morphism of branched Zp-covers.
5.1. Extensions of Zp-fields. Let k∞/k be a Zp-extension over a finite number
field and let F∞/k∞ be a p-extension. Then there is a p-extension F/k such that
F∞/F is a Zp-extension and Fn = Fkn for each n. In such a situation, behaviors
of the Iwasawa invariants are studied ([Iwa73b], [Iwa81]).
Recall that for a Zp-extension k∞/k, the value of λ and the property whether
µ = 0 or not are independent of the choice of base field k, while the values of µ and
ν depend. Let k1 the 1st middle field of k∞/k. Then a Zp-extension k∞/k1 has µ
and ν different from those of k∞/k. In this case, if we put Fn := kn+1, then we
have Fn = Fkn. However, we do not assume such a case as an essential extension
of Zp-fields.
5.2. Morphisms of branched Zp-covers. We define an analogue notion of an
extension of Zp-fields as follows:
Definition 5.1 (branched cover of branched Zp-covers). Let M˜ and N˜ be branched
Zp-covers over (M,L) and (N,L
′) respectively. Then a morphism f : N˜ → M˜ of
branched Zp-covers is a compatible system of branched covers on each layer, that
is, a family {fn : Nn →Mn}n of branched covers commutative with the transition
maps. If every fn is Galois, then we say this morphism is Galois. We put Gn =
Gal(fn). If all the induced maps Gn → G0 are isomorphisms, then we call this
morphism equivariant Galois, or a branched Galois cover of branched Zp-covers,
and we write Gal(f) = G0.
Let f : M˜ → N˜ be a morphism of branched Zp-covers with notation as above.
We can easily check the following facts by diagram chasing, using Proposition 4.8:
If M˜ and N˜ are properly branched over L and L′, then L′ = f−10 (L). Let Sn ⊂Mn
denote the branch link of fn. If f is equivariant Galois, then we have Sn ⊂ h−1n (S0).
If in addition if S0 is unbranched in M˜ , then Sn = h
−1
n (S0) and L ∩ S0 = φ. We
denote the restrictions to the exteriors of the preimages of L ∪ S0 by the same
letters hn : Xn → X , h′n : Yn → Y , and fn : Xn → Yn for each n.
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Proposition 5.2. Let M˜ and N˜ be branched Zp-covers with notation as above,
and let f0 : N → M be a branched cover. Then taking a morphism f : M˜ → N˜
is equivalent to taking a homomorphism ι : Zp → Zp which commutes with the
defining homomorphism τ, τ ′ and f0∗ : π1(Y ) → π1(X). Suppose f is Galois.
Then the natural maps Gn → G are isomorphisms if and only if corresponding
ι : Zp → Zp is an isomorphism. In other words, f is equivariant Galois if and only
if f is lim←−Gal(hn) = Zp-equivariant.
Proof. Consider the following commutative diagram with exact rows.
0 // π1(Yn) //
fn∗

π1(Y )
τ ′n //
f0∗

Z/pnZ //
ιn

0
0 // π1(Xn) // π1(X)
τn // Z/pnZ // 0
Then it can be seen that taking {fn}n and taking ι : Zp → Zp is equivalent,
and that f0 is Galois if and only all the fn are Galois. If Galois, since Gn =
π1(Xn)/fn∗(π1(Yn)), the snake lemma yields an exact sequence 0 → Ker(ιn) →
Gn → G0 → Coker(ιn)→ 0. Thus the natural maps Gn → G0 are isomorphisms if
and only if ι is an isomorphism. 
Even if ι is not an isomorphism, Gn’s can be isomorphic to each other non-
canonically. Indeed, Ker ιn and Coker ιn are isomorphic. For instance, if ι is the
multiplication by p and G0 = Z/pZ, then the situation resembles to the case of
k1/k in the previous subsection. We can also define a branched cover of branched
Zp-cover which may not be Galois, however we omit here.
Next, we see some examples. The following lemma is obvious.
Lemma 5.3. Let f : N → M be a branched cover of 3-manifolds with degree p.
Let K be a knot in M , let K ′ be a component of f−1(K), and let µ, µ′ denote the
meridians of K,K ′ respectively. If K is inert or decomposed, then f(µ′) = µ. If K
is branched, then f(µ′) = pµ.
This lemma ensures that the following settings give examples.
Example 5.4. Let L = K ⊔ S be a 2-component link in M = S3 and let f0 :
N →M be a branched cover of degree p with the branch link S. Put X =M −L,
Y = N − f−10 (L) and S = f−10 (S). Let µK , µS ∈ H1(X) denote the meridians of
K and S respectively. Here we take ι = idZp .
(1) Suppose that L is decomposed in f0 as f
−1
0 (K) = K1 ⊔ · · · ⊔ Kp (e.g., let L
be the trivial 2-component link), and let (i) τ : H1(X) → Zp;µK 7→ 1, µS 7→ 0,
τ ′ : H1(Y )→ Zp;µKi 7→ 1, µS 7→ 0. (ii) τ : µK 7→ 1, µS 7→ 1, τ ′ : µKi 7→ 1, µS 7→ p.
(2) Suppose that L is inert in f0 as f
−1
0 (K) = K
′ (e.g., let L be the Hopf link),
and let (i) τ : µK 7→ 1, µS 7→ 0, τ ′ : µK′ 7→ 1, µS 7→ 0. (ii) τ : µK 7→ 1, µS 7→ 1,
τ ′ : µK′ 7→ 1, µS 7→ p.
These above give equivariant Galois morphisms of branched Zp-covers of degree p.
Next, we change the setting and see an example of non-Galois case.
(3) Let K be a knot in M = S3, put X = M −K. Let f0 : N → M be a cover of
degree p branched over K, and let f0 : Y → X be the restriction to the exterior.
Put K ′ := f−10 (K), and let µ, µ
′ denote the meridians of K,K ′ respectively. If we
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put τ : H1(X)→ Zp;µK 7→ 1, τ ′ : H1(Y )→ Zp;µK′ 7→ 1, and ι : Zp → Zp; 1 7→ p,
then we obtain an analogous situation of k1/k in the previous subsection.
5.3. On conditions for µ = 0. In this subsection, we recall analogous natures of
cyclotomic and anti-cyclotomic Zp-extensions for branched Zp-covers investigated
in our another paper [Uek16].
In a cyclotomic Zp-extension over a number field, any non-p prime is finitely
decomposed, and in an anti-cyclotomic Zp-extension over a CM-field, any non-p
prime is totally decomposed. For a branched Zp-covers, instead of “any non-p
primes”, we focus on a certain link.
Proposition 5.5 ([Uek16] Proposition 5.1). Let M be a 3-manifold, let L be a link
in M consisting of null-homologous components, and let M˜ = {hn :Mn →M}n be
the TLN-Zp-cover over (M,L). Let K be a knot in M − L. If lk(K,L) 6= 0, then
K is finitely decomposed into a pvp(lk(K,L))-component link in M˜ . If lk(K,L) = 0,
then K is totally decomposed in M˜ .
Let f : N˜ → M˜ be an equivariant Galois morphism of branched Zp-covers, let
S ⊂ M denote the branch link of f0 : N → M , and suppose S ∩ L = φ. If S is
finitely decomposed in M˜ , then f : N˜ → M˜ resembles a p-extension of a cyclotomic
Zp-field. If S is totally decomposed in M˜ , then f : N˜ → M˜ resembles a p-extension
of an anti-cyclotomic Zp-field.
In [Uek16], we established an analogue of relative genus theory and studied the
behaviors of Iwasawa µ-invariants by following Iwasawa’s argument in [Iwa73b].
Suppose that M˜ and N˜ consist of QHS3’s and that f : N˜ → M˜ is of degree p. If S
is finitely decomposed in M˜ , then by [Uek16] Theorem 5.2, µ
M˜
= 0 if and only if
µ
N˜
= 0. If S is infinitely decomposed in M˜ , then by [Uek16] Theorem 5.3, we have
µ
N˜
≥ #(components of S). As a consequence, we have the following theorem:
Theorem 5.6. Let f : N˜ → M˜ be an equivariant Galois morphism of degree p of
branched Zp-covers of QHS
3’s, let S denote the branch link of f0 : N → M , and
suppose µ
M˜
= 0. Then S is finitely decomposed in M˜ if and only if µ
N˜
= 0.
5.4. Tate cohomologies of branched Zp-covers. In Iwasawa’s second proof for
Kida’s formula in [Iwa81], the following assertions were used:
Proposition 5.7 ([Iwa81]). Let F∞/k∞ be an extension of a cyclotomic Zp-field
of degree p, and let S denote the set of ramified primes in F∞. Then for each i ∈ Z,
(1) [Lemma 5] The equality Ĥi(G,F ∗∞) = 0 holds.
(2)† Let O∗−F∞,S denote the minus part of O∗F∞,S and put ~−i := rankĤi(G,O∗−F∞,S).
If k∞ contains every p-power-th roots of unity, then ~
−
2 − ~−1 = −1.
(3) [Lemma 1] The equality Ĥi(G, IF∞,S) = 0 holds.
(4) The equality q(O∗F∞,S) = q(O∗F∞)p#S holds.
We consider their analogues in the following. For a branched Zp-cover M˜ , we
fix CW-structures or PL-structures compatible with the inverse system, and define
the modules of chains, cycles, boundaries, and homologies by the direct limits with
respect to the transfer maps. In addition, we also define S-chains and others as in
Subsection 2.3.
†It seems that this assertion was used implicitly.
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Moreover, for an equivariant Galois morphism of branched Zp-covers f : N˜ → M˜ ,
we put G = Gal(f), and fix CW-structures or PL-structures compatible with all
the maps in the system. Let S ⊂M be a link, put S = f−10 (S), Sn = h′−1n (S), and
let S˜ denote the inverse system {Sn}n. Since the direct limit functor is exact, every
exact sequence in Section 2 holds for N˜ and (N˜ , S˜), and the following proposition
is obtained.
Proposition 5.8. Let the situation be as above. Then for each i ∈ Z,
(1) The equation Ĥi(G,C2(N˜)) = 0 holds.
(2) If M˜ and N˜ consist of QHS3’s, then Ĥi(G,Z2(N˜)) ∼= Ĥi+1(G,Z). If G ∼= Z/pZ
in addition, then ~i := rank Ĥ
i(G,Z2(N˜)) satisfies ~1 = 1, ~2 = 0.
(3) If G ∼= Z/pZ, then Ĥi(G,Z1(N˜)S˜) = 0.
(4) Suppose that G ∼= Z/pZ, Sn’s consist of Q-null-homologous components, S is
properly branched in f0, and S is infinitely inert (equivalent to say, unbranched and
finitely decomposed) in M˜ . Then S is also infinitely inert in N˜ . Let s denote the
number of connected component of S := lim←−Sn, which is equal to that of Sn for n≫
0. Then there is an isomorphism Z2(N˜)S˜/Z2(N˜)
∼= B1(N˜)∩Z1(S˜) for the subgroup
B1(N˜)∩Z1(S˜) < Z1(S˜) ∼= Zs of finite index, and satisfies Ĥ1(G,Z2(N˜)S˜/Z2(N˜)) =
0, Ĥ2(G,Z2(N˜)S˜/Z2(N˜))
∼= (Z/pZ)s.
Proof. Let n ≫ 0. The transfer map h′!n,n+1 is an isomorphism on H3(Nn) ∼= Z,
and is the multiplication by p on H0(Nn) ∼= Z and on H0(h−1n (S)) ∼= Zs. If
S is totally inert in N˜ , then h′!n,n+1 = id on Z1(h
′−1
n (S))
∼= Zs. Since Nr =
(multiplication by p) is a surjection on a divisible group lim−→
×p
Z, the assertion follows
from Propositions 2.3, 2.5, and 2.6. 
6. Kida’s formula for extensions of Zp-fields
In this section, we review the background of our main result of this paper. The
following is a classical theorem.
Theorem 6.1 (The Riemann–Hurwitz formula). Let f : R′ → R be an n-fold
covering of compact, connected Riemann surfaces and let g and g′ denote the genera
of R and R′ respectively. the ramification indices e(P ′) of P ′ ∈ R′ satisfy
2g′ − 2 = (2g − 2)n+
∑
P ′∈R′
(e(P ′)− 1).
Y. Kida proved a highly interesting analogue of this formula for number fields.
For each k ⊂ C, we set k+ = k ∩ R.
Theorem 6.2 (Kida’s formula, [Kid80]). Let p be an odd prime, let F/k be a
finite Galois p-extension of CM-fields, and let F∞ and k∞ denote the cyclotomic
Zp-extensions of F and k respectively. If µk∞/k = 0, then µF∞/F = 0, and
λ−F∞/F − δ = (F∞ : k∞)(λ
−
k∞/k
− δ) + (
∑
(ew − 1)−
∑
(ew+ − 1)),
where λ− denotes the λ-invariant of the minus part, δ is 1 or 0 according to whether
k contains a primitive p-th root of unity or not, w (resp. w+) runs through all the
non-p primes of F∞ (resp. F∞,+), and ew (resp. ew+) denotes the ramification
index of w (resp. w+) in F∞/k∞ (resp. F∞,+/k∞,+).
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Following the method of Chevalley–Weil [CWH34], K. Iwasawa gave an alter-
native proof for Kida’s formula, with use of p-adic representation theory of finite
groups. He also gave a less explicit formula for a more general situation, from which
his second proof follows:
Theorem 6.3 (Iwasawa [Iwa81], a corollary of Theorem 6). Let p be a prime
number, let k∞ be a cyclotomic Zp-field, and let F∞ be a cyclic extension of degree
p over k∞ unramified at every infinite place of k∞ with G = Gal(k∞/k). Assume
that µk∞ = 0. Then µF∞ = 0, and
λF∞ = pλk∞ +
∑
w
(ew − 1) + (p− 1)(~2 − ~1),
where w ranges over all non-p primes on F∞, ew denotes the ramification index
of w in F∞/k∞, and ~i denotes the p-rank of the abelian group H
i(G,O∗F∞) for
i = 1, 2.
An application of this formula for totally real number fields with some cohomo-
logical study of units was given in ([FKOT97]).
7. Kida’s formula for branched Zp-covers
7.1. Main theorem and example. An analogue of the original Kida’s formula
(Theorem 6.2) is stated as follows:
Theorem 7.1 (Kida’s formula). Let f : N˜ → M˜ be an equivariant Galois mor-
phism of degree p-power of branched Zp-covers of QHS
3. Let S ⊂ M denote the
branch link of f0 : N →M and put S = f−10 (S). If S is infinitely inert in M˜ , then
so is S in N˜ , and Sn:= h
′−1
n (S) is the branch link of fn. If in addition µM˜ = 0,
then µ
N˜
= 0. Suppose that any component of S is not inert in f0. For each com-
ponent w = (wn)n of S := lim←−n Sn, let ew denote the branch index of w defined as
that of wn in fn for n≫ 0. Then
λ
N˜
− 1 = deg(f)(λ
M˜
− 1) +
∑
w⊂S
(ew − 1).
By Kida’s method in [Kid80], this formula is deduced from the case of degree p:
Lemma 7.2 (The case of degree p). Let f : N˜ → M˜ be a branched cover of degree
p of branched Zp-covers of QHS
3, let S ⊂M be a link containing the branch link of
f0 : N → M , put S = f−10 (S), and let S denote the inverse limit of the preimages
of S in N˜ . If S is infinitely inert in M˜ , then S is infinitely inert in N˜ . If in
addition µ
M˜
= 0, then µ
N˜
= 0. Suppose that any component of S is not inert in
f0. Let ew denote the branch index for each component w of S. Then
λ
N˜
− 1 = p(λ
M˜
− 1) +
∑
w⊂S
(ew − 1).
We give their proofs in the subsequent subsections.
Remark 7.3. (1) As an intermediate result, we prove the following: Let the setting
be as in the Lemma above. If we take CW-structures or PL-structures compatible
with all the covering maps and put ~i=rank Ĥ
i(G,Z2(N˜)) for G = Gal(f), then
λ
N˜
= pλ
M˜
+
∑
w⊂S
(ew − 1) + (p− 1)(~2 − ~1).
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This formula is a more direct analogue of Theorem 6.3 (a corollary of Iwasawa
[Iwa81], Theorem 6).
(2) If we fix a Z-basis of Z1(N˜) containing the components of S and take the sum
over it, then w’s can be seen as analogues of places.
(3) The original proof by Kida ([Kid80]) was given by genus theory. We expect an
alternative proof of our formula with use of genus theory for 3-manifolds, which
was established in [Uek16]. There are also analytic proofs with use of p-adic L-
functions by Grass and Sinnott ([Gra79], [Sin84]). It seems interesting to consider
their analogues, examine analogues of p-adic L-functions, and explore an analogue
of the Iwasawa main conjecture.
Here is an example:
Example 7.4. Let p = 3, let N = M = S3, and let f0 : N → M be a branched
cover of degree p branched over an unknot S. Let L = K ∪ K ′ be a Hopf link
as in the figure below, so that lk(K,S) = 3, lk(K ′, S) = lk(K,K ′) = 1. Then,
K˜ := f0
−1(K) = K1 ⊔K2 ⊔K3 is a Borromean ring, K˜ ′ := f0−1(K ′) is an unknot,
and lk(Ki, K˜ ′) = 1 for i = 1, 2, 3.
Since L and L′ = f−10 (L) consist of null-homologous components, the TLN-
Zp-covers M˜ and N˜ are defined. Since lk(L, S) = lk(L
′, S) = 4 6≡ 0mod3, S
and S := f−10 (S) are totally inert in M˜ and N˜ respectively. Since the defining
homomorphism τ, τ ′ commute with f0∗ : π1(N − L′ ∪ S) → π1(M − L ∪ S) and
ι = idZp , a branched cover f : N˜ → M˜ of branched Zp-covers of degree p is defined.
By Hosokawa’s result ([Hos58]), Theorem 1), the value of Hosokawa polynomials
HL(t) and HL′(t) at t = 1 are calculated by using the linking numbers of compo-
nents of L and L′, and satisfy HL(1) = HL′(1) = ±1. By a result of Kadokami–
Mizusawa ([KM08], Proposition 4.1), the fact p 6 |±1 implies that M˜ and N˜ consist
of QHS3’s, and their Iwasawa invariants satisfy λ
M˜
= 2 − 1 = 1, µ
M˜
= ν
M˜
= 0,
λ
N˜
= 4 − 1 = 3, and µ
N˜
= ν
N˜
= 0. Thus we have observed that Kida’s formula
holds for this case:
3− 1 = 3 · (1− 1) + (3− 1).
K
2
K
3
K
3
K'
~
N
S
~
K'
K
S
M
→
Let p be an arbitrary prime number. In the example above, if we replace p = 3
by pr for any r ∈ N and take a similar K with lk(K,S) = pr, then we obtain a
Zp-cover N˜ with λN˜ = p
r by Kida’s formula (Theorem 7.1). Indeed, we can verify
HL′(1) = ±1 in a similar way.
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7.2. Proof for degree p (after Iwasawa). In this subsection, following Iwasawa’s
second proof in [Iwa81], we prove our formula for the case of degree p (Lemma 7.2).
Lemma 7.2. The assertion on the µ-invariants is done by Theorem 5.6. Let S˜ ={
h′−1n (S)
}
n
denote the inverse system over S in N˜ . For S˜-chains and others, we
use the notation in Subsection 5.4.
We have Ĥn(H1(N˜)S˜[p])
∼= Ĥn(Z2(N˜)S˜). Indeed, consider the exact sequences
0→ B1(N˜ )S˜ → Z1(N˜)S˜ → H1(N˜)S˜ → 0 and 0→ Z2(N˜)S˜ → C2(M˜)→ B1(N˜)S˜ →
0, and note G ∼= Z/pZ. Then Proposition 5.8 (1) and (3) show Ĥn(H1(N˜)S˜[p]) ∼=
Ĥn(H1(N˜)S˜)
∼=→ Ĥn+1(B1(N˜ )S˜)
∼=→ Ĥn+2(Z2(N˜)S˜) ∼= Ĥn(Z2(N˜)S˜).
Put AS˜ := H1(N˜)S˜[p]= H1(N˜)/ι∗(H1(
˜˜
S)), A := H1(N˜)[p]. Since µN˜ = 0, Propo-
sition 4.13 gives an isomorphism A ∼= (Qp/Zp)λN˜ . Since N˜ consists of QHS3, Sn
consists of Q-null-homologous components for each n. If Sn is inert in Nn+1 → Nn,
then the restriction of the transfer H1(Nn) → H1(Nn+1) to the subgroups gener-
ated by all the components of Sn and Sn+1 is surjective, and hence ι∗(H1(S˜)) is
finite. Hence there is a surjective homomorphism A ։ AS˜ with finite kernel, and
we have AS˜
∼= (Qp/Zp)λN˜ .
We consider a linear representation of G = Z/pZ. Put Xp := Zp[G], Zp−1 :=
(1− σ)Xp, X1 := Xp/Xp−1 = Zp, Ai = HomZp(Xi,Qp/Zp) for i = 1, p− 1, p. Then
there are decompositions A = Aa11 ⊕ Aap−1p−1 ⊕ Aapp , ai ∈ N. By using a functor V :
A 7→ Hom(A,Qp/Zp), we put Vi := V (Ai), πi : G→ GL(Vi), i = 1, p−1, p. Then π1
is the trivial representation, πp−1 is the unique faithful irreducible representation,
and πp = π1 ⊕ πp−1 = πG. Put V = V (A). Then Gy A induces a representation
πf : G→ GL(V ), and there is a decomposition πf = a1π1 ⊕ ap−1πp−1 ⊕ apπp.
Next, we calculate ai’s. Since G ∼= Z/pZ, the Tate cohomologies of G y
Ai are abelian groups of exponent p, and their p-ranks satisfy r(Ĥ
1(G,Ai)) =
1, 0, 0, r(Ĥ2(G,Ai)) = 0, 1, 0 for i = 1, p− 1, p. Put rn = r(Ĥn(G,A)) = r(Ĥn(G,
Z2(N˜)S˜)). Then the decomposition of AS˜ yields r1 = a1, r2 = ap−1.
We calculate the Herbrand quotient of S˜-2-cycles. (Recall that for a cyclic group
G and G-module B, q(B) = #Ĥ0(B)/#Ĥ1(B) is called the Herbrand quotient.
Herbrand’s lemma asserts that in a short exact sequence, if q( ) is defined for
two terms, then so for the rest term, and its Tate cohomologies are finite.) Now
Ĥn(G,Z2(N˜)S˜) is finite and q(Z2(N˜)S˜) is defined. Put ~n = r(Ĥ
n(G,Z2(N˜ )))
for Z2(N˜) < Z2(N˜)S˜ . Then q(Z2(N˜)S˜/Z2(N˜)) = p
s by Proposition 5.8 (4),
and q(Z2(N˜)S˜) = q(Z2(N˜))p
s by Herbrand’s lemma. Hence ~1, ~2 are finite and
ap−1 − a1 = ~2 − ~1 + s holds.
Since µ
M˜
= 0, there is an isomorphism A¯S˜ := H1(M˜)S˜
∼= (Qp/Zp)λM˜ by Propo-
sition 4.13. Proposition 5.8 (1) asserts Ĥ2(C2(N˜)) = 0, and hence Ĥ
1(Z2(N˜)S˜)
∼=
(B1(N˜)S˜)
G/B1(M˜)S˜ , Ĥ
2(Z2(N˜)S˜)
∼= Coker((Z1(N˜)S˜)G → (H1(N˜)S˜)G). Since the
first term is finite, maps H1(M˜)˜S
, → H1(N˜)S˜ and A¯S˜ → AGS˜ have finite kernels
and cokernels, where we put S˜ =
{
h−1n (S)
}
n
. Hence the decomposition of AS˜ tells
λ
M˜
= a1 + ap.
Thereby we have obtained πf = a1π1⊕ap−1πp−1⊕apπp = (a1+ap)πp⊕ (ap−1−
a1)πp−1 = λKπG⊕sπp−1⊕(~2−~1)πp−1. (If ~2−~1 < 0, the right hand side of the
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formula should be interpreted as a difference of two representations.) Comparing
the degrees of both side, we obtain
λ
N˜
= pλ
M˜
+
∑
w⊂S
(ew − 1) + (p− 1)(~2 − ~1).
By Proposition 5.8 (2), we have ~2−~1 = −1, and obtain the desired formula. 
7.3. Proof for degree p-power (after Kida). Following Kida’s argument in
[Kid80], we deduce our formula (Theorem 7.1) from the case of degree p (Lemma
7.2).
Theorem 7.1. Since every nontrivial finite p-group has nontrivial center, a Galois
branched cover of p-power degree can be realized as a sequence of branched covers
of degree p. Suppose deg(f) = pn. We prove the formula by induction on m. The
assertion is trivial for n = 0.
Assume the assertion is true for n ≤ m. Then for n = m+1, there is a subcover
N˜ → H˜ of N˜ → M˜ of degree p. Let w run through all the components of S˜, and
u run through the image of S˜ in H˜ . By the hypothesis of the induction and by
Lemma 7.2, they satisfy λ
N˜
− 1 = p(λ
H˜
− 1) +∑w(e(w/u) − 1) and λH˜ − 1 =
pm(λ
M˜
− 1) +∑u(e(u/v) − 1). Here u and v denote the images of each w in H˜
and M˜ respectively, e(w/u) and e(u/v) denote their branch indices in N˜ → H˜ and
H˜ → M˜ respectively, and e(w/v) = ew.
Now we have λ
N˜
− 1 = p(pm(λ
M˜
− 1) +∑u(e(u/v)− 1)) +∑w(e(w/u)− 1) =
pm+1(λ
M˜
− 1) +∑u p(e(u/v)− 1) +∑w(e(w/u)− 1). If u is branched in N˜ → H˜,
then the unique w over u satisfies e(w/v) = pe(u/v), e(w/u) = p, and hence
p(e(u/v)− 1)+ (e(w/u)− 1) = e(w/v)− p+ p− 1 = e(w/v)− 1. If u is decomposed
in N˜ → H˜ , then the correction w1, ..., wp of components over u satisfy e(wi/v) =
e(u/v), e(wi/u) = 1, and hence p(e(u/v)−1)+
∑
i(e(wi/u)−1) =
∑
i(e(wi/v)−1).
Thus, due to the assumption that S is not inert in f0 : N → M , we have
generalized the formula to the case of p-power degree.
(If u is inert in N˜ → H˜ , then w over u satisfies e(w/v) = e(u/v), e(w/u) = 1
and hence p(e(u/v)− 1)+ (e(w/u)− 1) = pe(w/u)−p+1− 1 = p(e(w/u)− 1).) 
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